Introduction
The warping degree, which is defined by Kawauchi, is an invariant of an oriented diagram of a knot, a link or a spatial graph ( [3] , [4] ). The warping degree represents such a complexity of a diagram, and it depends on the orientation of a diagram. For an oriented link diagram D, the warping degree d(D) is the smallest number which is needed to obtain a monotone diagram from D in the usual way, where a monotone diagram, which is also defined by Kawauchi, is like a descending diagram ( [3] , [1] ). We give a correct definitions of the warping degree and a monotone diagram in Section 2. Let −D be the diagram D with orientation reversed for all components, and we call −D the inverse of D. Let c(D) be the crossing number of D. In the case where D is an oriented knot diagram which has at least one crossing point, we have the inequality,
Further, the equality holds if and only if D is an alternating diagram [7] . In this paper, we generalize this to a link diagram as follows: The rest of this paper is organized as follows. In Section 2, we define the warping degree d(D) of an oriented link diagram D. In Section 3, we define the linking warping degree ld(D), and show relations to the linking number and the crossing number. In Section 4, we consider the value d(D) + d(−D), and prove Theorem 1.1. In Section 5, we apply the warping degree to a link itself. In Section 6, we take a look at relations to unknotting number and crossing number. And in Section 7, we define the splitting number and consider relations between the warping degree and the splitting number.
The warping degree of an oriented link diagram
Let L be an r component non-ordered link, and D a diagram of L. We take a sequence a of base points a i (i = 1, 2, . . . , r), where every component subdiagram has just one base point except at crossing points. Then D a , the pair of D and a, is represented by D a = D 
Thus, the set of the warping crossing points of D a is divided into two types in the sense that the warping crossing point is self-crossing or not. The pair D a is monotone if d(D a ) = 0. In other words, we meet every crossing point of a monotone diagram as an over-crossing first, respectively by starting from a 1 , a 2 , . . . and a r in numerical order. For example, D a depicted in Figure 2 is monotone. [8] ). In the rest of this section, we give a method of obtaining the warping degree d(D) of an oriented knot diagram D. The method for a link diagram is given in Section 3. Let a be an arbitrary base point of D. We can obtain the warping degree d(D a ) of D a by counting the warping crossing points easily. Let [D a ] be a sequence of some "o" and "u", which is obtained as follows. When we go along the oriented diagram D from a, we write down "o" (resp. "u") if we reach a crossing point as an over-crossing (resp. under-crossing) in numerical order. We next perform normalization to [D a ], by deleting the subsequence "ou" repeatedly, to obtain the normalized sequence ⌊D a ⌋. Then we have
where ♯⌊D a ⌋ denotes the number of entries in ⌊D a ⌋. Thus, we obtain the warping degree d(D) of D. In the following example, we find the warping degree of a knot diagram by using the above algorithm. For some types of knot diagram, this algorithm is useful in formulating the warping degree or looking into its properties. We enumerate the properties of an oriented diagram of a pretzel knot of odd type in the following example:
. . , ε m n m ) be an oriented pretzel knot diagram of odd type (ε i ∈ +1, −1, n i , m: odd> 0), where the orientation is given as shown in Figure 4 . We take base points a, b in Figure 4 . Then we have
and
3 The linking warping degree of a link diagram
In this section, we first define the linking warping degree, which is something like a restricted warping degree, and which has relations to the linking number and the crossing number. We next show a method of finding the warping degree of an oriented link diagram. The number of warping crossing points which are non-self crossings does not depend on the orientation. We define the linking warping degree of D a , denoted by ld(D a ), by the following formula:
where
The linking warping degree of D, denoted by ld(D), is the minimal ld(D a ) for all base point sequences a. It does not depend on any choices of orientations of component subdiagrams. For example, the diagram D in Figure 5 has Figure 5 is a stacked diagram. We shall explore how to calculate the linking warping degree ld(D) by using matrices. For a link diagram D and a base point sequence a of D, we define an r-square matrix M(D a ) = (m i j ) by the following rule: 
We show an example.
Example 3.1. For D a and D b in Figure 6 , we have
We notice that ld(D a ) is obtained by summing the upper triangular entries
and we notice that
where m i j is an entry of M(D a ) (i, j = 1, 2, . . . , r). For the base point sequence a ′ = (a 1 , a 2 , . . . , a k+1 , a k , . . . , a r ) which is obtained from a by exchanging a k and a k+1 (k = 1, 2, . . . , r − 1), the matrix M(D a ′ ) is obtained as follows:
k , where
With respect to the linking warping degree, we have
where m kk+1 , m k+1k are entries of M(D a ). To enumerate the permutation of the order of a = (a 1 , a 2 , . . . , a r ), we consider a matrix Q = P r−1 P r−2 . . . P 2 P 1 , where P n denotes P n P n+1 . . . P kn (n ≤ k n ≤ r − 1) or the union matrix E r . Since Q depends on the choices of k n (n = 1, 2, . . . , r − 1), we also denote Q by Q(k 1 , k 2 , . . . , k r−1 ) (n ≤ k n ≤ r) or Q K , where we regard P n = E r in the case k n = r. Hence we obtain the following formula: 
Proof. 
Hence we obtain
We next prove the inequality
. We make sure the inequality because ld(D a ) + ld(Dã) = lc(D), where a is a base point sequence of D, andã is a with order reversed. We next prove the equality. The condition that the number of over-crossings of D i is equal to the number of under-crossings of
. . , r) for every i and j, i.e. M(D a ) is a symmetric matrix for an arbitrary a. In this case, ld(D) is half the sum of the non-self-crossing number. On the other hand, we consider the case the equality 2ld(D) = lc(D) holds. For an arbitrary base point sequence a of D, we have 
We next prove that a crossing change remains (2). Let D ′′ be a diagram which is obtained from D by crossing changing at a non-self-crossing point. Then we have
Hence a crossing change also remains (2).
Example 3.3. In Figure 8 ,
, and E has i<j |Link(E i E j )| = 4 < 2ld(E) = lc(E) = 8. Proof. Let D, D ′ be D with orientations respectively. Then we have
For an arbitrary orientation of L, we have the following lemma: 
Hence we have the inequality. The equality holds if and only if every component subdiagram D i is alternating and the number of over-crossings of D i is equal to the number of under-crossings of
Here are examples of Lemma 4.2. 
And we obtain 
Warping degree for a link
In this section, we consider the minimal
where c(L) denotes the crossing number of L. In the case where K is a non-trivial knot, we have
Further, the equality holds if and only if K is a prime alternating knot [7] . Note that the condition of equality of (3) requires that D is a minimal crossing diagram in the definition of e(L). We next define c * (L) and e * (L) as follows:
As a generalization of the above inequality (3), we have the following theorem: . We assume that D satisfies the equality We have the following example: Figure 12 , where we assume that n 1 and n r have the same sign. Note that we do not change the type of knot components
. And we notice that D satisfies that every D i is alternating, and the number of over-crossings of D i is equal to the number of under-crossings of Note that the value f (L) and sr(L) also do not depend on the orientation of L. The following corollary is directly obtained from Theorem 1.1.
by Theorem 1.1.
We have the following question:
By the definition, we have the following proposition:
We have
And we naturally raise the following question:
Question 5.7. When does the equality
6 Relations of warping degree, unknotting number, and crossing number
In this section, we enumerate several relations of the warping degree, the unknotting number or unlinking number, and the crossing number. Let |D| be D with orientation forgotten. We define the minimal warping degree of D for all orientations as follows: Let E be a knot diagram, and D a diagram of a non-ordered r component link (r ≥ 2). We review the relation of the unknotting number u(E) (resp. the unlinking number u(D)) and the crossing number c(E) (resp. c(D)) of E (resp. D).
The following inequalities are well-known [5] :
Moreover, Taniyama mentioned the following conditions ( [8] , Theorem1.5(1)):
The condition of the equality of (4) is that E is a reduced alternating diagram of some (2, p)-torus knot, or E is a diagram with c(E) = 1. The condition of the equality of (5) is that every D i is a simple closed curve on S 2 and every subdiagram D i ∪ D j is an alternating diagram.
By adding to (4), we have the following corollary:
Corollary 6.1. For a knot diagram E, we have
Further, the equality
holds if and only if E is a reduced alternating diagram of some (2, p)-torus knot, or E is a diagram with c(E) = 1.
By adding to (5), we have the following corollary:
(2) We have 
Then D also satisfies 
Then we have
by (6) and (7). Hence we obtain the inequality
(2) Suppose that the equality
holds. Then the equalities
hold by (6) and (7). The equality (8) is equivalent to that c(D i ) = 0 for every D i . We prove this by an indirect proof. We assume c(D i ) > 0 for a component subdiagram D i . In this case, we have the inequality
by Theorem 1.1 since D i has a self-crossing. We also have (8) . By substituting (11) for (10), we have c( 
(3) This holds by Corollary 6.2(1) and above Taniyama's condition.
Let K be a knot, and L an r component link (r ≥ 2). Let u(K) be the unknotting number of K, and u(L) be the unlinking number of L.
The following inequalities are also well-known [5] :
The following conditions are mentioned by Taniyama ([8] , Theorem 1.5(2)):
The condition of the equality of (12) is that K is a (2, p)-torus knot (p:odd, = ±1). The condition of the equality of (13) The condition which realizes the equality is due to above Taniyama's condition.
Relation of linking warping degree and splitting number
In this section, we define the splitting number and enumerate relations of the warping degree and the splitting number.
The splitting number of D, denoted by split(D), is the smallest number of crossing changes which is needed to obtain a completely splittable link diagram from D. The linking splitting number of D, denoted by lsplit(D), is the smallest number of non-self-crossing changes which is needed to obtain a completely splittable link diagram from D. Naturally, we have the following propositions: Here is an example of Proposition 7.1. hold?
